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Abstract
In the experimental game we study, the benefit received from a public good
varies non-linearly and stochastically with effort. We examine the effect of a
quality bound under which group members receive very negligible benefits from
the public good. Our theory predicts that the presence of such a “pass mark” on
quality of the good ultimately provided may under certain conditions reduce the
incidence of free-riding. We obtain very mixed support for this hypothesis using
both mixed strategy as well as quantal response equilibrium benchmarks. In
contrast, a reinforcement-learning model does better at predicting laboratory
behavior.
Keywords: free rider problem, public goods, quantal response, reinforcement
learning
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1. Introduction
Public goods may either be provided by the government using tax revenues or by the
community itself through a voluntary contribution of material resources or effort. Economic
situations with public goods lead to a problem that is unique to the nature of these goods, i.e. the free-rider problem. Since the benefits from these goods are typically conferred to all but the
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cost payments are non-enforceable (due to voluntary contribution or provision), there is overutilization or under-contribution of these public goods.
Public goods problems are typically analysed using deterministic N-player Prisoner’s
Dilemma (NPD) games with one Pareto dominated Nash equilibrium, using a linear production
function for the public good. Voluntary Contribution Mechanism and Common Property Resource
games are amongst the games in this class which have received maximum attention (see Ostrom
1990 and Ostrom, Gardner and Walker 1994a, 1994b for detailed reviews).
In contrast, the public goods problem we examine (see Banerjee 2007and Section 2
below), has benefit varying non-linearly and stochastically with effort. It can be viewed as a
stochastic generalization of the ‘best-shot’, ‘dragon-slaying’ and similar games (see Hirshleifer
1983, 1985 and Bliss and Nalebuff 1984 respectively; see also Lipnowski and Maital 1983,
Cornes 1993 and Chowdhury, Lee and Sheremata 2011).
We specifically examine the effect of a quality bound (for the public good provided) below
which community members receive insignificant benefits. The theory predicts that the presence of
such a “pass mark” on the quality of the good provided may sometimes reduce the incidence of
free-riding. This result has significant implications for the design of mechanisms and institutions
that provide public goods and services.
Given the profusion of public goods experiments in the literature, there is to our
knowledge very little work on public goods whose production is stochastic and/or non-linear. The
few exceptions include Harrison and Hirshleifer (1989) and Berger and Hershey (1994). Harrison
and Hirshleifer (1989) study a deterministic version of the game we employ, the best-shot game.
The significant differences in the design used and questions asked render our results largely
incomparable with those from this study. Berger and Hershey (1994) find less efficient behavior
among players as compared to experiments reported in the linear public goods literature, in an
insurance market setting with moral hazard.5 The main difference between their game and the
standard public goods game is the stochastic return on investment.
We contribute to this small literature by studying a hitherto untested public goods game
whose production is stochastic and non-linear. Our objectives are to test how well Nash
predictions describe outcomes, particularly in relation to alternative approaches such as Quantal
Response and Learning models.
Our public goods game deals with an environment where output is stochastically
dependent on the maximum of individual efforts. Consider as an example the family through the
lens of evolutionary-genetic theory, which postulates that animal behavior is ultimately
determined by the maximization of reproductive survival.6 Thinking of the survival of the offspring
as a public good for both parents, suppose a situation has arisen where a decision needs to be
made regarding future course of family action, with any choice stochastically affecting survival
5

6

When an insured individual provides costly effort to prevent (or reduce) loss, reductions in insurance
premium can benefit all policyholders. In this way, investing in loss prevention may be considered to be a
public good. Like in the standard public goods games, though it is not individually rational to invest in
loss prevention once insured (this is the moral hazard problem in the Principal-Agent literature), agents
may still invest in order to realize the public good benefits conferred on the group and thus mitigate the
moral hazard problem.
The example is based on one in Hirshleifer (1983).
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probability. Our construction fits this scenario in which the parents propose options independently
with quality dependent on effort, where the better of the two is selected. In another example,
suppose a government wishes to promulgate policy in some area. Better implemented policy will
benefit all, though stochastically. Stakeholders can each propose a policy, whose quality depends
on effort. Our model fits this setting if the best of such proposals is implemented.
On average we obtain much lower levels of cooperation than those predicted by the Nash
equilibrium. We also obtain very weak support for the theoretical prediction that under certain
conditions imposing the quality pass mark increases the incidence of cooperation. In fact the
subjects overall show very little evidence of attempting to play Nash strategies. We find Quantal
Response also has poor predictive power, and subject behavior is described better by
reinforcement learning models of Roth and Erev (1995).

2. The Theoretical Model and Discussion
We describe the theory underlying our experiment in a simple intuitive way. The full
extensive form of the game, together with a discussion of the assumptions can be found in
Banerjee (2007). The reader is referred to that paper for detailed development, analysis,
statements of results, and proofs.
In any period, two players are randomly matched to form a pair. Each player has two
possible actions: to invest or to not invest. Players can also play a mixed strategy, choosing
investment with some probability. These decisions are not publicly observable and made
simultaneously.
A player’s investment contributes towards building her investment quality (or simply,
quality). If player i does not invest, she bears no private cost, and her quality is 0. If she invests,
her private cost is c> 0, and her ability is the realization of a random variable distributed over [0,
1] according to the continuously differentiable, strictly increasing distribution function F, whose
density is denoted as f.
Given the profile of realized qualities, α1 and α2 for the two players, and a pre-determined
cut-off level μ ∈ [0, 1), the gross payoff for any player i is max(α1, α2) if max(α1, α2) ≥ μ, and 0
otherwise. This payoff function is easy to understand if we think of the two players as members of
a committee producing a public good. Each player gets the same gross payoff. The payoff is a
function of the highest ability amongst them (max(α1, α2)), provided this ability exceeds a
minimum cut-off μ.
We now discuss some results from the analysis. First of all, it is easy to show that a
unique symmetric Nash equilibrium exists for all c and μ. If private cost is sufficiently low, both
players choose investment with probability 1, while if private cost is very high, neither invests. For
intermediate cost, players choose investment with probability less than 1, with the equilibrium
probability of choosing high effort decreasing in the cost.
Specifically, let Xk denote the highest order statistic of a sample of size k drawn from [0,
1] according to distribution function F, k = 1, 2. Let Fk be the distribution function of Xk. Define
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b1(μ) =

∫

1

μ

xdF1(x),b2 (μ) =

∫

1

μ

1

xdF2 (x) − ∫ xdF1(x)
μ

... (1)

b1(μ) is the expected ability of a player who has invested, conditional on quality being at
least μ, while b2(μ) is the increment in the expected value of the highest order statistic, conditional
on the random variable taking a value no less than μ, when the sample size is increased from 1
to 2. It can be proved that that a mixed strategy equilibrium exists if and only if c ∈ [b2(μ), b1(μ)].
In this equilibrium, σ- the probability a player invests, is the solution to the equation:
(1 − σ)b1(μ) + σb2 (μ) = c

... (2)

Secondly, as is standard in many public good contribution games, we find that players
have a tendency to free-ride on other players' investments, and so all players could be better off
by committing to some investment level ex ante.7 In particular, free-riding always exists if the
equilibrium is in mixed strategies. To understand this result, observe that gross payoff is a
function of the maximum of the two qualities because each player’s quality is a public good. Thus,
if a player believes that the other is very likely to invest, and therefore generate high quality with a
large probability, she may have a tendency to invest with a lower probability and thereby save on
private investment cost.
Thirdly, the degree of free-riding is dependent on the pre-committed cut-off level μ, and it
may be optimal from the perspective of ex ante net expected payoff to commit to a positive μ.
Notice that any cut-off μ > 0 is inefficient ex post. This is because given quality levels, if 0
<max(α1, α2) < μ, each player gets 0 gross payoff, while if the cut-off is not applied, players get
positive gross payoff. In spite of this, the players may be better off committing to a positive cut-off
ex ante. This is because setting such a cut-off can improve ex ante investment incentives for any
player by jointly penalizing both players when realized quality levels are very low. Hence, a
positive cut-off can increase the expected maximum level of quality. In particular, this
improvement in ex ante net expected payoff is always possible if c is greater than, yet close to
b2(0). In such situations, the payoff loss from the cut-off, stemming from the ex post inefficiency,
is outweighed by the payoff gain from reduction in free-riding ex ante.
The game described above is a variant on the standard public good contribution problem
which has been extensively studied theoretically and experimentally. The key features
distinguishing the current version from the standard form lie in stochastic production and selective
aggregation. Normally, in public good games, the amount of the public good produced is some
function of a linear combination of all contributions taken together. In the context of informational
public goods, such a model is not always appropriate. Here, contributions are probabilistically
linked to ability and only the highest ability plays a role in the public good production process. In
an environment where the fruit of one’s labor is uncertain, in a community with a well-functioning
selection procedure, typically it is the highest achievers who assume leadership roles. It is their
information and decisions resulting thereof which guide social outcomes, affecting everyone
else’s payoffs. The free-riding problem thus manifests itself in this setting in novel ways.
The results of the analysis above are taken to the laboratory environment for
experimental verification. We compare results from a baseline version without any cut-off (μ = 0)
to a treatment with a cut-off (μ > 0). Following the discussion above, our focus will be on
7

The terms ex ante and ex post are used with respect to the timing of effort choice.
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parameter values which generate equilibrium in mixed strategy, requiring some care in the
experimental design. The laboratory version of the above game is described below in the first part
of the section on experimental design.

3. Experimental Design
3.1 The public goods game used in the laboratory
We use a version of a game presented in the last section, in the laboratory. Two players
(who constitute a group) have to simultaneously specify probabilistically whether to invest or not
invest in the production of a good. They can of course make their choice non-stochastic by
specifying either 0 (no investment) or 100 (invest with certainty). However they also have the
option of specifying a likelihood, i.e. - a number in the set {1, 2, .., 99}, and depending on the
number chosen, the computer would implement investment with that probability. Thus our design
allows a player to directly select a non-degenerate mixed strategy in addition to pure strategies.
Once the two likelihoods are obtained, the computer determines whether an investment outcome
is obtained for both players. If an investment outcome is obtained, the player pays the investment
cost (see table 2 for the different investment costs for different treatments). Finally the computer
makes a draw from [50, 250] using the uniform distribution to select an investment quality for
each player. If any player’s outcome was not to invest (either due to deterministic choice or due to
the luck of the draw) his investment quality is at the lowest possible level of 50. The maximum of
the two qualities drawn is used to calculate the payoff of both players. Table 1 illustrates the four
possible payoffs of the game. Here, A1 is the quality realized for player 1, A2 is the quality realized
for player 2 and C is investment cost.
Table 1. The Laboratory Game
Player 2

INVESTMENT

NO INVESTMENT

Max(A1, A2) - C

A1 - C

Max(A1, A2) - C
A2

50

Player 1
INVESTMENT
NO INVESTMENT

A2 - C

A1
50

The payoff matrix is almost identical for the treatments with a quality-cut off, with one
crucial difference: if the computer chose invest for at least one player, and the maximum quality
drawn is less than the cut-off, the return is 50 for either player. Of course, in that case, any player
for whom the computer chose invest obtains a net payoff of 50 – C.
Our design requires direct elicitation of mixed strategies. The first attempts at studying
mixed strategies in the laboratory are from Ochs (1994) and Bloomfield (1994).We follow the
procedure proposed in Shachat (2002). Subjects are asked to give a probability distribution over
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a set of actions instead of picking an action. A single random draw is then made from this
distribution, and the realization becomes the subject’s action (in our case, investment).8

3.2 Laboratory Protocol
The experiments use a paired strangers matching protocol on z-tree (Fischbacher, 2007)
where a static game form is repeated over several periods (15-20 depending on the number of
subjects and time constraints). In each period each subject is matched with another (an even
number of subjects were chosen in any experimental session). There is a very small probability
that a person may be matched with the same person more than once. All subjects have to make
only one decision per period, i.e. – specify the probability of investment. Depending on that
probability the program draws a decision to invest or not in the public good. The treatments are
organized in within-subject BX and XB formats (a certain number of repetitions of B followed by a
certain number of repetitions of X or vice-versa for the same cohort) where B is the baseline
treatment with no quality cutoff. X represents a certain treatment in the form of a quality cutoff that
either induces higher contribution (Treatment Increase = I) or lower contribution (Treatment
Decrease = D). The next section details these treatments.
The participants are undergraduate students in Engineering and Sciences from the Indian
Institute of Technology, Delhi and Undergraduate and Master’s students in Liberal Arts, Sciences
and Engineering from Jadavpur University, Kolkata. Sessions were run in both Delhi and Kolkata
from April to June 2008. The recruitment of subjects in Kolkata was done primarily over e-mail,
while in Delhi, the experimenters went to undergraduate classes to sign up students. The
subjects were paid a show-up fee of Rs 50 and averagely earned between Rs. 200 and Rs. 500
from a session, which took between 90 and 120 minutes.9,10
The instructions were read aloud to the subjects and special care was taken in making
sure that they understood the mixed strategy elicitation process.11 After the instructions were read
and explained, the subjects took a quiz that tested their understanding of the decision and payoff

8

9

10

11

This procedure is more faithful to the way the implementation of mixed strategy is traditionally viewed in
game theory. Here players choose a probability distribution over the set of actions, and then a realization
is drawn according to the specified likelihood. On the other hand, Ochs (1994) and Bloomfield (1994)
have subjects making several choices every period and construct the mixed strategies from the relative
proportions of these choices. However the successive “rounds” of choices within a period are not
independent making the construction and interpretation of these proportions as mixed strategies
debatable. See Wooders and Shachat (2001) and Shachat (2002) for a detailed discussion.
At purchasing power parity (PPP) exchange rates, the range of earnings was approximately between
US$ 13 (Rs. 200) and US$ 33 (Rs. 500). The PPP data was for 2009 and can be found in the Penn
World Tables (Heston et al., 2011)
The reason for using more than one location was to avoid contamination of the subject pool. The first
sessions were run in IIT, which is a residential institute with low social distance among students.
Running more than six sessions was not felt to be optimal as subjects typically discuss their strategies
with prospective participants. Since our design required 12 sessions, it was felt that a location change
(given that the students’ demographic profiles in Delhi and Kolkata were not that different) would
minimize bias in the results.

The instructions not reproduced here but a longer working paper available at
http://papers.ssrn.com/sol3/papers.cfm?abstract_id=2047675 has instructions for the Baseline
and the Increase treatments.
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calculation processes. Only after the experimenters were convinced that the subjects had
understood all aspects of the experimental protocol were the sessions allowed to begin.12

4. Treatments and Hypotheses
The main three treatment groups are Baseline (B), Increase (I) and Decrease (D) where
the equilibrium mixing probabilities for contribution are higher in I and lower in D (as compared to
B). These parameters are displayed in the table below. For the analysis later, the treatments in
each group have been pooled. Henceforth B refers to all the observations on the baseline
treatment and I refers to all observations on the Increase treatment.
Table 2. Treatments
Treatment Name
Baseline (B0)
Baseline (B1)
Baseline (B2)
Increase (I1)
Increase (I0)
Decrease (D)

Investment Cost
40
42
45
42
40
45

Quality Cutoff
None
None
None
150
100
185

Nash equilibrium probability
0.90
0.87
0.825
0.99
0.955
0.57

Table 2 gives information about the different treatments that are used in this study and
their associated equilibrium point predictions. Notice that we present Nash equilibrium
benchmarks for risk neutral players. For a moderate to high level of risk aversion, the probability
of investment falls to zero for all treatments with a quality cut-off regardless of whether they
increase (I) or decrease (D) the probability of investment in the risk neutral model.13 Accordingly,
for a moderate amount of risk aversion, the investment probability for theItreatment may
sometimes be lower than that of the B treatment. In fact, to obtain point predictions in equilibrium,
we need to calibrate the coefficient of risk aversion for the specific population playing our public
goods game. This exercise was not performed and thus we do not attempt to report the large set
of probability estimates from the numerous potential values that the coefficient of risk aversion
could take.
We have experimental cohorts playing the treatments in different orders. This is to
safeguard against a potential confound that can arise if playing D or I before and after the nocutoff baseline leads to a difference in observed investment behavior.
12

13

Demographic data was collected for the subjects in the Kolkata sessions. These were not used in the
analysis presented in this section, as most of the covariates such as income; age and education of
parents were roughly similar among participants. About 45 percent of the sample was female but no
gender effect was observed with respect to investment behavior. Though demographic data was not
collected in Delhi, the demographics of the subject pool did not appear to be significantly different from
that in Kolkata.
with a constant relative risk aversion (CRRA) utility function u(x) = x1-r/(1-r),we classify preferences as
risk averse, risk neutral and risk loving as r > 0, r = 0 and r < 0 respectively. Here r is the coefficient of
relative risk aversion and r ≠ 1. The ex-post payoffs are calculated in a quasi-linear manner, i.e., π(c, x) =
x1-r/(1-r) – c, if the investment outcome occurs and π(0, x) = x1-r/(1-r) if the investment outcome does not
occur.
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Based on the above treatments our main hypotheses are:
H0: Investment probabilities are not significantly different from Nash equilibrium predictions.
H1: Investment probabilities in Treatment D are lower than those in treatments B0, B1 and B2
H2: Investment probabilities in Treatment I0/I1 are higher than those in treatments B0, B1 and B2
H3: Investment probabilities in Treatment I0/I1 are higher than those in treatment D.
Table 3. Session Specific Details
Session
name

Number
of
subjects

Location

Treatment

Observed

4151

16

Delhi

4152

16

Delhi

4221

18

Delhi

4222

18

Delhi

4231

14

Delhi

4232

18

Delhi

6121

18

Kolkata

6131

18

Kolkata

6191

14

Kolkata

6201

18

Kolkata

6261

14

Kolkata

6262

14

Kolkata

Periods 1 – 20 (B2)
Periods 21 – 40 (D)
Periods 1 – 20 (B2)
Periods 21 – 40 (D)
Periods 1 – 20 (D)
Periods 21 – 39 (B2)
Periods 1 – 20 (D)
Periods 21 – 40 (B2)
Periods 1 – 18 (B1)
Periods 19 – 36 (I)
Periods 1 – 18 (I)
Periods 19 – 36 (B1)
Periods 1 – 20 (B1)
Periods 21 – 40 (I)
Periods 1 – 20 (I)
Periods 21 – 40 (B1)
Periods 1 – 18 (B0)
Periods 19 – 36 (I1)
Periods 1 – 24 (I1)
Periods 25 – 44 (B0)
Periods 1 – 18 (B0)
Periods 19 – 36 (I1)
Periods 1 – 18 (I1)
Periods 19 – 36 (B0)

0.56
0.36
0.72
0.43
0.53
0.74
0.64
0.58
0.68
0.51
0.61
0.59
0.69
0.60
0.59
0.62
0.48
0.55
0.68
0.66
0.71
0.72
0.61
0.60

Nash
Prediction
(risk
neutral)
0.83
0.57
0.83
0.57
0.57
0.83
0.57
0.825
0.87
0.99
0.99
0.87
0.87
0.99
0.99
0.87
0.90
0.955
0.955
0.90
0.90
0.955
0.955
0.90

Quantal Response
Equilibrium (QRE)
.533
.536
NC
.526
.556
.556
.533
.56
.534
.529
.53
.531
.525
.527
.529
.53
.529
.535
.533
.525
.534
.534
.533
.532

5. Experimental Results
From table 3 above it is clear that point predictions from theory are not borne out by the
experimental observations. Specifically, the observed likelihoods for contribution understate the
theoretical predictions significantly. Thus we find no support for hypothesis H0. Furthermore, we
find that the mixed strategy responses are significantly lower when the D treatment is played,
validating hypothesis H1. This is robust across the 6 sessions that employ this treatment.
However when the I (or I1) treatment is played as either the first or the second treatment within a
cohort we find that the treatment effect is sometimes in a direction opposite to that predicted by
theory. In 5 out of 8 sessions that employ the I treatment the observed probabilities are higher
than in B, but these differences are largely statistically insignificant. In the other 3 sessions, the
contribution probabilities are significantly lower than those in treatment B. Thus on average, we
do not robustly find support for hypothesis 2. Figures 1-4 compare period-wise average
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probabilities for the Delhi and Kolkata sessions. Figure 1 represents the time-series of average
probabilities for those observations where the three treatments were played first (sequence 1). In
figure 2, we tabulate the average probabilities for those observations in which these treatments
were played second (sequence 2). Figures 3 and 4 do likewise for the Kolkata data. This allows
us to check for order effects in section 5.1
On average the B and I treatments from the Kolkata sessions are for the most part
indistinguishable as seen in figures 3 and 4 below. The time series from Delhi with the D
treatment however (especially for observations where the treatments are played as second in the
sessions, i.e. - figure 2) shows the baseline clearly above the D observations. Pooling the data
over both locations by treatment, we find support for hypothesis H3, i.e. - the mixed strategy
responses from treatment D are significantly lower than those in treatment I. See table 5 for the
probability values from the t-tests that check for treatment effects.
Though they are not directly comparable it may be instructive to compare the results of
our experiment with those of the standard linear public goods games in the literature such as
Isaac and Walker (1988) and Kim and Walker (1984) and Ostrom et al. (1992). One stark
observation that emerges from our data is that the per-period contribution probability as a
percentage of the optimal contribution probability does not show a decreasing trend over the
experimental periods. Likewise the number of strong free riders is not seen to increase as the
endgame approaches. These observations hold true regardless of location, group size or the
number of periods in the experiment. A possible explanation could be the small group size (two).
It has been observed that success in sustaining cooperation in the Prisoner’s Dilemma diminishes
as group size increases. Dawes (1980) notes this for the NPD game (also see Kollock (1998) for
an overview of dilemma games). Dufwenberg and Gneezy (2000) show that with two players, the
static Bertrand prediction is not observed in the laboratory and prices stay well above the
theoretical equilibrium even in the last period. However with three or four competitors the price
tends towards the Nash prediction especially towards the end of the multi-period interaction.

5.1 Order, Location and Treatment Effects
We first check whether playing a treatment as the first one in a session yields different
contribution probabilities than playing it second. Table 4 checks for these order effects.The two
sided p-values from the parametric t-tests and the non-parametric Wilcoxon-Mann-Whitney tests
are reported in table 4. We observe that for each treatment, the later periods (sequence 2)
display lower probabilities of cooperation, though the difference is significant at the 5 percent
level only for treatment D. However since both values are lower than the baseline average
probability, we pool the observations.
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New Delhi (Sequence 1)
0.9
0.8
0.7
0.6

Bprob

0.5
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0.4
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0.3
0.2
0.1
0
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7

8

9

10 11 12 13 14 15

Figure 1. Delhi Sessions (pooled for periods 1-16)

New Delhi (Sequence 2)

0.9
0.8
0.7

Bprob

0.6
0.5

Dprob

0.4

Iprob

0.3
0.2
0.1
0
21 22 23 24 25 26 27 28 29 30 31 32 33 34 35
Period

Figure 2. Delhi Sessions (pooled for periods 21-36)

EQUILIBRIUM PLAY AND LEARNING IN A STOCHASTIC PUBLIC GOODS EXPERIMENT

Kolkata (sequence 1)
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Figure 3. Kolkata Sessions (pooled for periods 1-16)

Kolkata (Sequence 2)
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Figure 4. Kolkata Sessions (pooled for periods 21-36)
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Table 4. Order Effects
Treatment

Sequence 1

Sequence 2

Mean Difference

Std. Error

Baseline (B)

0.6431

0.6341

0.0091

0.014

Decrease (D)

0.5827

0.3974

0.1852

0.002

Increase (I)

0.6235

0.5957

0.0278

0.017

p-value
(two-sided)
t-test
0.5045
Wilcoxon 0.6167
t-test
0.0000
Wilcoxon 0.0000
t-test
0.0956
Wilcoxon 0.0815

Table 5. Pooled Treatment Effects
Treatment

Decrease(Ave. = 0.4955)

Increase (Ave. = 0.6112)

Baseline (Ave. = 0.6383)
0.1428 (0.0135)***
Decrease (Ave. = 0.4955)
(*** = 1%, ** = 5%, standard errors in parentheses)

0.0270 (0.0107)**
-0.1157 (0.0143)***

Pooling observations with no regard for location and order we calculate the mean
differences in average probability over treatment groups in table 5. In the aggregate, notice that
the baseline average is slightly greater than the average in the I treatment and is significantly
different using a standard two-sided t-test. On average, the imposition of a cut-off seems to lower
contribution probability regardless of whether the treatment theoretically predicts it or not. The
presence of moderate to high levels of risk aversion in subjects may potentially lead to such an
outcome. However, as our experiment does not provide a concavity calibration for an agent’s
utility, it is not possible for us to compare our observed investment probabilities with the
appropriate risk-adjusted Nash equilibrium benchmarks. In addition to t-tests, we also perform a
non-parametric Kruskal-Wallis test (a generalized form of the Wilcoxon-Mann-Whitney test) that
checks if the mean probabilities for the three treatments are statistically different. The Chisquared statistic (allowing for ties in ranks) is 98.5 with a probability value of 0.0001, indicating
that the probabilities over the three treatments are significantly different. This compliments the
results from the t-tests reported in table 5.
We explore the differences in the means of observed probabilities in different locations.
As mentioned earlier B pools the whole treatment group B0, B1 and B2, while I includes both I0
and I1.Only treatments B and I can be compared across locations as there were no D sessions
run in Kolkata. Notice also for the Delhi sessions, (which employed a higher quality cut-off) the B
sessions have an average probability 7 percentage points higher than the I sessions (with a
difference significant at the 1 % level) whereas in Kolkata the B probability is about a percentage
point higher than the I probability and not statistically significant at the 1 % and 5 % levels.
Based on the above analysis, our main findings are given below:
Finding 1: The average per period mixed strategy probabilities in the laboratory are
significantly lower than the MSNE predictions.
Finding 2: Both the decrease (D) as well as Increase (I) treatments yield contribution
probabilities which are significantly lower than the baseline (B).
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Table 6. Treatment Effects by Location
|Difference of means|
(std. error)
Delhi Baseline
(Ave. = 0.6442)
Kolkata Baseline
(Ave. = 0.6321)
Delhi Decrease
(Ave. = 0.4955)
Delhi Increase
(Ave. = 0.5669)

Kolkata Baseline
(Ave. = 0.6321)
0.0121
(0.0135)

Delhi Decrease
(Ave. = 0.4955)
0.1486***
(0.0152)

Delhi Increase
(Ave. = 0.5669)
0.0773***
(0.0206)

Kolkata Increase
(Ave. = 0.6254)

0.0067
(.0132)
0.0714**
(0.0216)
0.0585***
(0.0203)

(*** = 1%, ** = 5%, standard errors in parentheses)

6. Noisy Equilibria: Quantal Response
We see from the previous section that play in the experiment does not approach the
MSNE prediction. In fact particularly for treatment I, behavior in the experiment is by and large in
the opposite direction to what is predicted by theory. In this section we fit a noisy equilibrium
model, namely the Quantal Response Equilibrium (QRE), given in McKelvey and Palfrey (1995),
Goeree et al. (1995) and Anderson et al. (2002) to the data.
In game theory experiments, observed laboratory behavior is often responsive to costs
associated with deviations from the Nash equilibrium. These effects are incorporated in the QRE
in an approach that introduces noisy behavior via probabilistic choice models. The source of this
noise could be preference shocks, experimentation, or actual mistakes in judgment. We adopt the
probabilistic choice framework due to McKelvey and Palfrey (1995).
Here for each player i and each strategy jЄ {1, 2, ..., Ji} let σЄ∑ denote a strategy profile.
Accordingly,Πij(σ) is the expected payoff to i of adopting the pure strategy sij when the other
players use σ-i. It is assumed that for each pure strategy sij there is an additional privately
obtained payoff disturbance εij. Thus the player chooses his strategy not on Πij(σ) but on Π’ij(σ) =
Πij(σ) + μiεij , where μiЄR++ is an error parameter that measures the importance of the epsilon
shock and εi = (εi1, εi2,...εiJi) has an admissible joint distribution.14 The equilibrium condition has
the consistency property (akin to rational expectations), that beliefs which determine expected
payoffs match the choice probabilities that result from applying a probabilistic choice rule to those
expected payoffs. For a 2x2 game, assuming identical and extreme value disturbances implies
that Pij is given by the logit formula:

Pij =

14

exp(πij )
exp(πij ) + exp(πik )

... (3)

An admissible joint distribution function is characterized by the properties of [1] absolute continuity
[2] unbiasedness [3] independence across players (not necessarily across strategies). For a detailed
discussion on the properties that constitute admissibility refer to McKelvey and Palfrey (1995).
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With 2 players (players 1 and 2) and 2 strategies (I and N) for our specific game equation
2 expands out to four equations given below:
P1I =

exp(π1I )
exp(π1I ) + exp(π1N )

... (3’)

P1N =

exp(π1N )
exp(π1I ) + exp(π1N )

... (4’)

P2I =

exp(π 2I )
exp(π 2I ) + exp(π 2N )

... (5’)

P2N =

exp(π 2N )
exp(π 2I ) + exp(π 2N )

... (6’)

The fixed point of these four equations (3’ – 6’) yields the Quantal Response Equilibrium
for the game. We estimate the value of μi by minimizing the sum of squared deviations of Pijs
from the observed values of probabilities from the laboratory. The QRE contribution probabilities
thus estimated from our sessions are presented in table 3.15 The average error level μ, estimated
from the data varied between sessions and was around 50, which is high compared to the
estimates obtained by Anderson et al. (2002) who obtain it for Normal Form games such as the
Traveler’s Dilemma and the Minimum Effort Coordination Game.

7. Learning Models
From section 5 it is clear there is no adherence to Nash play in the laboratory when the
benchmark of comparison is the standard MSNE. When a noisy measure such as the QRE is
used in section 6, we see that laboratory behavior implies that subjects are prone to large
decision errors. Indeed we see that there is no tendency for individual strategies to converge to
any steady state probabilities and thus we need to look for other explanations to explain observed
play in the laboratory. Theories of learning may provide us with an approach to model such
situations.
Reinforcement Learning constitutes an important class of models. In these, actions or
strategies that have yielded relatively higher (lower) payoffs in the past are more (less) likely to be
played in the future.16 Reinforcement learning does not require any information on the part of a
player about the play of other participants (except what is deductively revealed from the payoffs)
or the adherence to game theoretic strategy. Thus, reinforcement learning involves a very
minimal level of rationality that is only somewhat greater than that possessed by zero intelligence
(ZI) agents. For our experiment we use Roth and Erev’s (RE henceforth; Erev and Roth, 1998)
reinforcement learning model.17
15

16

17

In one of the Baseline sessions (4/15/09) the solver algorithm did not find a fixed point and thus we have
no converging (NC) logit equilibrium probability.
“Reinforcement,” “stimulus-response” or “rote” learning follows closely from Thorndike’s (1911) ‘law of
effect’. i.e. - actions or strategies that have yielded relatively higher (lower) payoffs in the past are more
(less) likely to be played in the future.
Another important class comprises the belief based learning models. The reason why we cannot use a
belief based approach is that we do not provide a player with any information regarding the likelihood of
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7.1 The Roth-Erev (RE) One and Three Parameter Models
We discuss the RE one and three parameter models in this section. Let us first describe
the one parameter model. Suppose there are N actions/pure strategies in a Normal Form game.
In round t, player i has a propensity qij(t) to play the jth pure strategy.
Initial (round 1) propensities among players who are in the same role are equal, i.e. qij(1) = qik(1)

for all j, k

…(7)

and

∑ q (1) = S (1) ,
j

ij

i

where Si(1) is an initial strength parameter, equal to a constant that is the same for all players,
Si(1) = S(1); the higher (lower) is S(1) the slower (faster) is learning.
If player i plays his kth pure strategy at time t and receives a reinforcement of R(x), where
R(x) = x − xmin, then the propensity to play strategy j is updated by setting
qij(t) + R(x)

if j = k

qij(t+1) = {

…(8)

qij(t)

otherwise

The probability that agent i plays strategy j in period t is made according to the linear
choice rule,
pij (t) =

qij (t)

∑

N
j =1

qij (t)

... (9)

For the three-parameter model, suppose that, in round t, player i plays strategy k and receives
payoff of x. Then i updates his propensity to play action j according to the rule:
qij(t+1) = (1-φ) qij(t) + Ek(j, R(x))
(1-ε)R(x)

…(10)

if j=k

Ek(j, R(x)) = {

…(11)

(ε/(N-1))R(x) otherwise
Here the parameters are:
(a) The initial strength parameter S(1) which determines the speed of learning as in the
one-parameter model.
(b) A “forgetting” parameter φ that gradually reduces the role of past experience.
(c) An experimentation parameter ε that allows for some experimentation among
strategies.
Our data is slightly different from RE, as unlike the Normal Form games they study where
only pure strategies are permissible, our game actually allows players to specify mixed strategies.
investment choice of the other player in any specific period. We simply provide to him the investment
outcome of the other player. This impedes the formation of beliefs necessary to implement the beliefbased approach. For a detailed survey of learning in human subject experiments see Duffy (2004).
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Hence contribution to the public good is not a 0/1 choice but a probability. For degenerate
probabilities, the propensity for only the strategy that is played in a period gets the full
reinforcement (full reinforcement of either the Investment (Inv) or the No-Investment (NoInv)
strategy), but for an interior probability, both strategies get reinforced in the proportion specified in
the mixed strategy. For example in the one-parameter model, if qiI(t) = 100 and qiN(t+1) = 250
units of experimental currency. Suppose in period t, the player specifies the likelihood of
investment to be p(t) = 0.60. Also suppose his payoff for period t is 100 units of experimental
currency. Then in the next period,
qiI(t+1) = 100 + 0.60 X 100 = 160 and,
qiN(t+1) = 250 + (1-0.60) X 100 = 290
We use the same principle for updating the propensities in the three-parameter model.18
Thus the updating rule for propensities in the one and three parameter models become:
qij(t) + p(t)R(x)

if j = I

qij(t+1) = {
qij(t) + (1-p(t))R(x)

if j = N

This is a natural extension from the original pure strategy updating rule and reduces to
that in the RE model when p(t) = 0 or 1.We use the data from both locations, which comprises
between 36 and 40 periods of play for 100 subjects. Like RE, we fit the one and three parameter
models to the data and use the Minimum Mean Squared Deviation (MSD) criterion to select
parameters which best fit our data. Using a grid search for the one-parameter and three
parameter models we obtain the values of S(1), φ and ε, which minimize the mean square
deviation (MSD) from the observed probabilities (See table 7). The fit for these models are shown
graphically in figures 5 (Delhi sessions) and 6 (Kolkata sessions).
Table 7. Reinforcement Learning Parameters
Parameters
S(1)
φ
ε

RE 1 parameter
Kolkata
152.06

RE 3 parameter
Kolkata
66.94707
0.155945
0.094425

RE 1 parameter
New Delhi
223.7032256

RE 3 parameter
New Delhi
40.13907586
0.311041988
0.133002187

Notice that the three-parameter model fits the observed behavior much better than the
one parameter model.
Finding 3: The RE three-parameter model tracks observed behavior better than the RE
one-parameter model and static Nash equilibrium.

18

Notice we use profits and not profit less minimum profit from last period in order to update the
propensities in the present period. This is because the minimum per period profit (10, 8 or 5 units of
laboratory currency) is very negligible in our study and would make a small difference to the speed of
learning only initially, but over 40 periods, the impact of subtracting out this small number would become
more and more negligible.
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Figure 5. Delhi Sessions (Pooled)
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Figure 6. Kolkata Sessions (Pooled)

8. Conclusions and Discussion
We study a two-player stochastic public goods game with equilibrium contribution in
mixed strategies. Our game has the feature that the quality of the good produced by at least one
player has to be greater than a certain threshold or neither player makes more than a small level
of benefit. Under such situations it is theoretically possible to show that the presence of this
threshold increases the Nash equilibrium contribution level of players.
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We test this game in the laboratory over two locations, and find that contrary to the levels
of contribution predicted by Nash theory, the presence of this cut-off does not significantly raise
contribution probabilities. A striking observation is that the observed behavior in the laboratory
does not show convergence to any particular strategy. A noisy Nash equilibrium, provided by
using a probabilistic choice (logit) model gives us equilibria close to that observed mixed strategy
probabilities with a significant amount of decision error. The absence of any steady state behavior
coupled with very noisy decision making may indicate that subjects are adaptively learning from
their history of play in the previous periods. We fit a one-parameter and a three-parameter
reinforcement learning model (RE) and find that the three-parameter RE model tracks observed
behavior in the laboratory better than either the Mixed Strategy Nash prediction (MSNE), the
Quantal Response Equilibrium (QRE) or the one-parameter RE model.
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